WEAK TYPE ESTIMATES FOR SPHERICAL MULTIPLIERS 
ON NONCOMPACT SYMMETRIC SPACES 



STEFANO MEDA AND MARIA VALLARINO 

Abstract. In this paper we prove sharp weak type 1 estimates for spherical Fourier mul- 
tipliers on symmetric spaces of the noncompact type. This complements earlier results of 
J. -Ph. Anker and A.D. Ionescu. 



0. Introduction 

The purpose of this paper is to give sharp weak type 1 estimates for a comparatively 
wide class of spherical Fourier multiplier operators on Riemannian symmetric spaces of the 
noncompact type that include the imaginary powers of the Laplace-Beltrami operator L and 
the resolvent operator C^ 1 . Our result complements earlier results of J.-Ph. Anker [Al[ IA2] 
and A.D. Ionescu [HJ[T3], an d may be thought of as an analogue on noncompact symmetric 
spaces of the classical Mihlin-Hormander multiplier theorem [Ho] . 

Suppose that G is a noncompact semisimple Lie group with finite centre. Denote by K 
a maximal compact subgroup of G, and by X the symmetric space of the noncompact type 
G/K. We denote by n and i the dimension and the rank of X respectively. Denote by 9 
a Cartan involution of the Lie algebra q of G, and write g = t © p for the corresponding 
Cartan decomposition. Let a be a maximal abelian subspace of p, and denote by a* its dual 
space, and by a£ the complexification of a*. Denote by E the set of (restricted) roots of 
(jj, a); a choice for the set of positive roots is written E + , and a + denotes the corresponding 
Weyl chamber. The vector p denotes (1/2) X] a gs+ m « a i where m a is the multiplicity of a. 
We denote by E s the set of simple roots in E + , and by Eq~ the set of indivisible positive 
roots. Denote by W the Weyl group of (G,K), and by W the interior of the convex hull 
of the points {w ■ p : w G W}. Clearly W is an open convex polyhedron in a*. Recall that 
the Killing form B( - , •) is a nondegenerate bilinear form on q that is positive definite when 
restricted to a. This induces an inner product on 0* and we denote by |-| the associated 
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norm. Sometimes we shall use co-ordinates on a*. When we do, we always refer to the 
co-ordinates associated to the orthonormal basis ex, ... , ee-i, pj \p\, where ex, ... , Q-i is any 
orthonormal basis of p L . In particular, for each multiindex / = (zx, . . . ,ie), we denote by D 1 
the partial derivative d^/d^ ■ ■ -d\ l with respect to these co-ordinates. 

It is well known that (G, K) is a Gelfand pair, i.e. the convolution algebra L l (K\G/K) of 
all i^-bi-invariant functions in L l (G) is commutative. The spectrum of L 1 (K\G/K) is the 
closure Tw in a£ of the tube Tw = a*+iW. Denote by / the Gelfand transform (also referred 
to as the spherical Fourier transform, or the Harish- Chandra transform in this setting) of 
the function / in L 1 (K\G/K). It is known that / is a bounded continuous function on Tw? 
holomorphic in Tw, and invariant under the Weyl group W. The Gelfand transform extends 
to K—bi- invariant tempered distributions on G (see, for instance, \GV\ Ch. 6.1]). 

For each q in [l,oo), denote by G B q (X) the Banach algebra of all G invariant bounded 
linear operators on L g (X), endowed with the operator norm. It is well known that B is 
in G B 2 {X) if and only if there exists a f^-bi-invariant tempered distribution fegoiiG such 
that ks is a bounded Weyl invariant function on a* and 

Bf = f*k B WfeL\X) 

(see |GV[ Prop. 1.7.1 and Ch. 6.1] for details). We call /eg the kernel of B. We denote its 
spherical Fourier transform fc^ by and call it the spherical multiplier associated to B. 
As a consequence of a well known result of J.L. Clerc and E.M. Stein [CSj . if B is in G B q {X) 
for all q in (l,oo), then is a Weyl invariant holomorphic function in Tw, bounded on 
closed substubes thereof. 

For the rest of the Introduction we assume that B is in B (X) and that mg extends 
to a Weyl invariant holomorphic function in Tw, bounded on closed subtubes thereof. In 
this paper we consider the problem of finding conditions on mg such that B extends to an 
operator of weak type 1. 

This problem has been considered by various authors. Anker [Alj . following up earlier 
results of M. Taylor [T] and J. Cheeger, M. Gromov and Taylor |CGT] for manifolds with 
bounded geometry, proved that if mg satisfies pseudo differential estimates of the form 

(0.1) |£> J m fl (C)| <C(1 + [C|) HJ| VCGTw 

for every multiindex / such that |/| < [n/2] + 1 ([•] denotes the integer part function), then 
the operator B is of weak type 1. This extends previous results concerning special classes of 
symmetric spaces [CSt 1ST} IAL] . 
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Anker's result was complemented by A. Carbonaro, G. Mauceri and Meda [CMMJ, who 
showed that if tub satisfies (10 .11) . then B is bounded from the Hardy space H l (X) to L l (X) 
and from L°°(X) to the space BMO(X) of functions of bounded mean oscillation on X (see 
|CMM] for the definition of these spaces). The space BMO(X) had already been defined in 
the rank one case in [IT], where an interesting application to oscillatory multipliers is given. 

These results are somewhat of "local" nature in the following sense. If mg satisfies (10. ip . 
then the convolution kernel ks may be written as the sum of a local part k B , which has 
compact support near the origin and satisfies standard Calderon-Zygmund type estimates, 
and a part at infinity k^, which is in L}(X) (see the proof of the main result in |Alj ). 
Clearly, the convolution operator /•—►/* k^ is bounded on L 1 (A), hence of weak type 1. 
Furthermore, a standard procedure reduces the problem of proving weak type 1 estimates 
for the convolution operator / i— > / * k B to a similar problem where / is an T X (X) function 
supported near the origin. Since k° B satisfies a Hormander type integral condition, the weak 
type 1 estimate for / i— > / *k B follows from the general theory of singular integrals on spaces 
of homogeneous type in the sense of Coifman and Weiss |CWt IStl] . 

In view of this remark it is natural to consider the problem of finding fairly general 
conditions on m B that are strong enough to guarantee that B extend to an operator of weak 
type 1 and nevertheless do not imply that ^ be integrable at infinity. 

A result in this direction that improves the aforementioned result of Anker may be obtained 
by routine adaptation of methods of Ionescu [12], [13] and of J.-O. Stromberg [StrJ. Define the 
function d : Tw — ► [0, oo) by 

(0.2) d(C + iv) = [|f| 2 + dist(77,W c ) 2 ] 1/2 V£ £ a* Vr? 6 W. 

Suppose that m B satisfies Hormander-Mihlin type conditions of the form 
(0.3) |D 7 m B (C)| < Cd{C)~ W VCeT w 

for every multiindex I such that |/| < N, where N is a sufficiently large integer. Then the 
operator B is of weak type 1. A careful analysis shows that the kernel k B may indeed be 
nonintegrable at infinity. See Section [2] for the precise statement of a sharper form of this 
result, where we allow the multiplier m B itself to be unbounded on Tw- 

Though interesting, this result is not completely satisfactory, because in the higher rank 
case it does not apply to certain natural operators like the purely imaginary powers of the 
Laplace-Beltrami operator £ on A (see Remark 12.31 for details). Furthermore, observe that 
if B is in B (X) and of weak type 1, then m B need not be bounded on Tw- For instance, 
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for each complex number a such that < Re a < 2, the operator £~~ a / 2 , spectrally defined, 
is of weak type 1 [A21 lAJj . and 

m £ _ Q/2 (C) = Q(C)- a/2 VCGT W 

is unbounded near the vertices of +iW, in particular near ip. Here Q denotes the Gelfand 
transform of C (see ( 11.121) and (11 . 13j) below). Note that the weak type 1 estimate for £~ a / 2 
is derived in |A2l lAJj from sharp estimates for the heat kernel. It is unlikely that a similar 
strategy applies to more general multipliers. 

We aim at proving a multiplier result which applies to m c ~ a /2 for all complex a with 
< Re a < 2. Given a multiindex (/', ig) in N e , where I' is in and ig is in N, denote by 
1 1'\ the length of i 7 . For each k in [0, oo) consider the following nonisotropic condition on 
the multiplier mg: 

(0 ' 4) l^-woi < ^(10(01^, | Q (oi^-^) VCeTw+ ' 

for all {I' lit) with |/'| + ig < [n/2] + 1. The set T w + is defined in Section [IJ Our main 
result, Theorem 12. 101 states that if m# satisfies ( 10.41) and either k is in [0, 1), or k is 1 and B 
is a spectral multiplier of C, then B is of weak type 1. Theorem 12.101 (ii) is sharp and it is 
strong enough to give the weak type 1 boundedness of C~ a / 2 for all complex numbers a with 
< Rect < 2. 

We observe that in the higher rank case condition (10.41) is new, even when k = 0. It 

1 /2 

is straightforward to check that both d(() and |Q(C)| are equivalent to \Q as ( tends to 
infinity within the tube Tw- Therefore both condition (10. 3p and condition (10. 4p are equivalent 
to condition (10.11) at infinity. Moreover, if i = 1, then |Q(C)| an d |C — ip\ are comparable 
as ( tends to ip, and condition (10.41) becomes 

\m { i\()\ < VC E T w+ . 

1 BlU| -min(|Q(C)r + Mg(C)P /2 ) 

Hence conditions (10.41) and (I0.3P are equivalent when £ = 1 and k = 0. We emphasise the 

fact that (10.41) is not equivalent to (10. 3p when £ > 2 and ( tends to ip within Tw- 

Conditions analogous to (10.41) but on tubes smaller than T w may be considered, and 
corresponding weak or strong type p estimates for spherical multipliers may be proved. To 
keep the length of this paper reasonable we shall postpone the detailed study of operators 
satisfying these conditions to a forthcoming paper. 

Our paper is organised as follows. Section [T] contains some notation and terminology. In 
Section [2] we define certain function spaces that appear in the statement of our main result, 
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and state Theorem 12.101 Sections [3] and H] are quite technical. In Section[3]we adapt methods 
of Stromberg |Strj to prove weak type 1 boundedness results for the convolution operators 
with kernels which are relevant in the proof of Theorem I2.1UI (see formula (13.1 1) ). Section H] 
is devoted to estimating the kernel ks when m# satisfies (10. 4p . The proof of Theorem 12.101 
hinges on the results of Sections [3] and HJ and is given in Section [5j 

We will use the "variable constant convention", and denote by C, possibly with sub- 
or superscripts, a constant that may vary from place to place and may depend on any 
factor quantified (implicitly or explicitly) before its occurrence, but not on factors quantified 
afterwards. 

1. Notation and background material 

We use the standard notation of the theory of Lie groups and symmetric spaces, as in the 
books of Helgason [Hit [H2J. We shall also refer to the book |GV] and to the paper [AJj . 

In addition to the notation above, denote by n the subalgebra J2aeT,+ S« of g. By N, N, 
A, and K we denote the subgroups of G corresponding to n, On, a, and t respectively, and 
write G = KAN and G = NAK for the associated Iwasawa decompositions. Given A in a*, 
define H\ to be the unique element in a such that 

B(H X ,H) = X(H) Vffea, 

and then an inner product (■ , ■) on a* by the rule 

(A, A'} = B(H x ,Hx') VA,A'ea*. 

We abuse the notation, and denote by |-| both the norms associated to the inner products 
(•, •) on a* and B(-,-) on a. The inner product (•, •) on a* extends to a bilinear form, also 
denoted (•,•), on a£. For any R in M + define 

(1.1) = {A G a* : |A| < R}. 

The ball Bui will occur frequently in the analysis of functions of the Laplace-Beltrami 
operator. For notational convenience, we shall write B instead of Bui. 

If H is in a, we write (Hi, . . . , Hi) for the vector of its co-ordinates with respect to the dual 
basis of the basis ex, ... , pj \p\ of a* defined in the Introduction. Observe that the last 
vector of this dual basis is H p j \H P \. Sometimes we shall write H' instead of (Hi, . . . , i^-i). 
Define W : o -> R by 

(1.2) M(H',H l )= (\Hf + H*) 1/4 . 
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Note that M is homogeneous with respect to the dilations (H', Hi) i— > (e H', e 2 He), and that 
the homogeneous dimension of a, endowed with the (quasi) metric induced by A/", is £ + 1. 
Suppose that R is in R + . Define 

(1.3) b R = {Hea:M(H',H e )<R}. 
Define the parabolic region p in a by 

(1.4) p = {H G a : \H'\ < H 1 / 2 }. 
Define the functions uj : a — > K. and uj* : a* — ► R by 

(1.5) w(if) = min a(if) V# G a and cj*(A) = min (a, A) VA G a*. 

Furthermore for each c in R + , define the subset s c of a + by 

(1.6) s c = {H G a : < lo(H) < c}. 

Denote by (a*) + the interior of the fundamental domain of the action of the Weyl group W 
that contains p. For any subset E of a* denote by Te the tube over E, i.e., the set a* + iE 
in the complexified space a£, and by Te its closure in o£- For each t in M we denote by E* 
the set 

(1.7) E* = {A G E : uj*(X) > t}. 



Note that if E is open, then E° is the interior of (a*) + fl E. For simplicity, we shall write 
E + instead of (a*) + H E. Notice that W + is neither open nor closed in a*, whereas for each 
t in M~ the set W* is an open neighbourhood of W + that contains the origin. Thus, Tw* is 
a neighbourhood of Tw+ in a£ that contains a* + iO. 

We write dx for a Haar measure on G, and let dk be the Haar measure on K of total 
mass one. We identify functions on the symmetric space X with right-i^-invariant functions 
on G, in the usual way. If E(G) denotes a space of functions on G, we define E(K\X) and 
E(X) to be the closed subspaces of E(G) of the i^-bi-invariant and the right-X-invariant 
functions respectively. The Haar measure of G induces a G-invariant measure dx on X 
for which 

/ f(x) dx = f f(x) dx V/ G C C (X), 
Jx Jg 

where x = xK. We recall that 

/ f(x)dx= [[[ f(k 1 (ex P H)k 2 )5(H)dk 1 dk 2 dH, 

JG JKJa+JK 
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where dH denotes a suitable nonzero multiple of the Lebesgue measure on a, and 
5(H) = Y[ sinh mQ (a(H)) < C e 2p{H) \/H G o+. 

For any a in A we denote by log a the element if in a such that exp H = a. For any x 
in G, we denote by H(x) the unique element of a such that x is in KexpH(x)N. Thus, 
H(kan) = log a. For any A in a£, the elementary spherical function ip\ is defined by the rule 

<P\(x) = I exp[(iA — p)H(xk)] dk Vx G G. 
Jk 

The spherical transform /, also denoted by TCf, of an L 1 (G)-function / is defined by 

/(A) = / f(x)<p_ x (x)dx VA G a*. 
Jg 

Harish-Chandra's inversion formula and Plancherel formula state that 

f(x)= [ f(X)f X (x) dfi(X) VxgG 

J a* 

for "nice" i^-bi-invariant functions / on G, and 

\\fh=\f |7(A)| 2 d/i(A)j ' V/ G L 2 (K\G/K), 

_J a* 

where d/i(A) = c G |c(A)| -2 dA, and c denotes the Harish-Chandra c-function. For the details, 
see, for instance, [Hll IV. 7]. Sometimes we shall write Ti^ 1 for the inverse Fourier transform. 
The Harish-Chandra c-function is given by 

c(a)= n c «((«' a ))' 

where each Plancherel factor c a is given by an explicit formula involving several T-functions 
|H14 Thm 6.14]. It is well kwnown that 

(1.8) |c(A)f 2 < C (1 + |A|) Eaes o +dQ <C(1 + \\\) n ~\ 

where d a = dimg Q -|-dim02a- We denote by c the function c(A) = c(— A) which is holomorphic 
in Tw* for some negative t and satisfies the following estimate 

Kc^COl < c n (i + \C\f a ^ da/2 < c (i + Kl) (n "' )/2 VC G T W , 

This, the analyticity of (c) -1 on Tw*, and Cauchy's integral formula imply that for every 
multiindex I 

(1.9) |^(fi) _1 (C)| < C (1 + |C|) (n ^ )/2 VC G T wt . 
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Now, we describe the various faces of a+ which are in one-to-one correspondence with the 
nontrivial subsets F of S a . We denote by the positive root subsystem generated by 

F and by (^f)q the positive indivisible roots in (Ei?) + . Then we may write 

a=a F ®a F , a* = a* F © (a*) F , n = n F © n F and N = N F N F , 

where a F is the subspace generated by the vectors {H a : a G F}, a F denotes its orthogonal 
complement in a, a* F is the subspace of a* generated by F, (a*) F denotes its orthogonal 
complement in a*, n F = ffi ae (s F )+0a and n F = © Qe s+\(s F )+0a- The face (a F ) + of a + attached 
to F is 

{a F ) + = {H ea F : a{H) > Vet G H s \ F}. 

We shall write H = H F + H F and A = X F + X F according to the decompositions a = a F © a F 
and a* = a* F (B (a*) F respectively. In particular, p = p F + p F . Observe that t = £ F + £ F , 
where l F and l F denote the dimensions of a F and a F , respectively. 

We denote by A the lattice ^ aeE Na. Observe that A = A F + A F , where A^ = ^2 aeF Na 
and A F = J2 a ez 3 \F^ a ' an< ^ 

F 

C = Cp c , 

where 

Cjr(A) = Yl c Q ((a,A)) and c F (A) = c a ((a, A)). 

ae(S F )+ aeE+\(E F )+ 

We shall often use the following estimates: 

(1.10) |c F (A)r 2 <C(l + |A|) E ^<^o +da | J D^(c i? )- 1 (A)| <C(l + |A|) E " es o + \(^)o +da/2 
and for every multiindex / 

(1.11) IcHA))- 1 \D{(c F )-\X)\ < C (1 + \\\) n ~ e . 

We denote by P F the normalizer of N F in G; it has Langlands decomposition P F = 
M F (exp a F )N F , where M F and M F = M F (exp a F ) are closed subgroups of G. We denote 
by u* F and cj^ the functions defined by 

lu* f (\) = min (a, A) and u F (\) = mm (a, \) VA G a*. 

The height of an element q = ^ a es s n a a m ^ * s defined by \q\ = J2aez 3 n a- The asymp- 
totic expansion of the spherical functions along the walls of the Weyl chamber is due to 
P.C. Trombi and V.S. Varadarajan [TV] Thm 2.11.2] (see also [GVl Thm 5.9.4]). For the 
reader's convenience we state the following variant of |TVl Thm 2.11.2], due to Anker and 
Ji [XJl Theorem 2.2.8]. 



MULTIPLIERS ON SYMMETRIC SPACES 9 

Theorem 1.1. Suppose that X is a symmetric space of the noncompact type. Suppose that 
F is a nontrivial subset of T, s , that A is regular and that H is in a + with u F (H) > 0. We 
have an asymptotic expansion 

MewH) ~ e-o F (") £ £ c > . A ) ^(explf), 

q eA F wew F \w 

where 

(i) </?f is the spherical function of index A on M F = M F exp a F and 

<Px,o(%) = <Px F (y) e iXF{H) = y exp H G M F exp a F ; 

(ii) are bi-K F -invariant C°° functions in the variable x G M F and Wp-invariant 
holomorphic functions in the variable A m the region 

{A = A F + X F G a* c : |Im A F | < c, cu* F (Im A F ) > -c}, 

/or some smoH positive c; moreover, 

<Px, q (x) = V F x, q {y) e {iX - q)(H} Vx = y exp if G M F exp a F ; 

(iii) /or every q in A F there exists a constant d > and for every positive c there exists a 
constant C > such that 

\<p F q (expH)\ < Ce c \ Hp \ (1 + e -[i™W+PF+ q ](H) VA £ a * + ^(( a *)F) + ; # e 

(iv) /or every positive integer N there exists a constant d > and for every positive c 
there exists a constant C > such that 

V, A (exptf)-e-^) £ c F (w\) V F . x , q (e W H) 

qeA F ,\q\<N w£W F \W 

<C(l + |A|) <i (l + | J H"|) <i e-^ ) - Ara;F( ^ ) 
foru F (H) > c. 

Denote by C minus the Laplace-Beltrami operator on X associated to the metric given 
by the Killing form on g: C is a symmetric operator on C%°(X) (the space of smooth 
complex- valued functions on X with compact support). Its closure is a self adjoint operator 
on L 2 (X) that we denote by C. It is known that the bottom of the L 2 (X) spectrum of L 
is (p, p). Note that 

(1.12) A?a = Q(A)v?a VAgo£, 
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where Q is the quadratic function on defined by 

(1.13) Q(0 = (C,C) + (P,P) VCGaJ. 

The operator £ generates a symmetric diffusion semigroup {7i*}t>o on X. For t in 
denote by h t the heat kernel at time t, i.e., 

(1.14) h t (x)= [ e- tQW <p x (x) d/i(A) Vx G G. 



2. Statement of the main result 

In this section we define some Banach spaces of holomorphic functions that are relevant 
for our analysis of spherical multipliers, and study their relationships. Then we state our 
main result. 

The following definition is motivated by the main result in [I2l [13] . 

Definition 2.1. Suppose that J is a nonnegative integer and that k is in [0, oo). We denote 
by H(T W ; J, k) the space of all holomorphic functions m in T w such that || m ||^(T w -j K ) < °°> 
where ||^||#(t w -,//c) ^ s ^ e m M™ of all constants C such that 

(2 - 1} i° ,m «'i g m ^Mo^ m vceTw V/:|/|£J 

and d is defined in \Q.2\) . 

The following result complements the work of Ionescu [l2|, 113] . Recall that n and £ denote 
the dimension and the rank of X respectively. 

Theorem 2.2. Assume that k is in [0,1). Suppose that B is an operator in B (X) and 
that m b is in H(Tw; [n/2] +£/2 + 1, k) . Then B extends to an operator of weak type 1. 

Proof. The proof of this theorem is rather long and technical, and follows the lines of the 
proof of the main result in [13]. We omit the details, because we are more interested in a 
different condition on the multipliers. □ 

Remark 2.3. Note (see [12]) that if I = 1 and k = 0, then Theorem 12.21 applies to the 
multiplier m C iu, when u is real. However, if t > 2, then the multiplier m^m does not belong 
to if(Tw; J, k) for any k in [0, 1]. We prove this in the case where k = 0. 

Indeed, suppose that Re(£) is small. A straightforward computation shows that 

(2.2) d(C) \d Ci m ci u(C)\ = 2 |u| rf(C) e-™*0(0 VC G T w . 
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Here ( = (d, . . . ,(e), an d Ci> ■ ■ ■ > Ct are the co-ordinates described in the Introduction. We 
show that if I > 2, then the right hand side cannot possibly stay bounded when ( tends to 
ip in T w . Write ( = £ + ir], where £ is in a* and r\ is in W. Suppose that £ 7^ 0, and let 77 
tend to p within W. By continuity, the right hand side of (12. 2p tends to 



2 |«| d(£ + 2 pj -j — 7 



c 



Now, <i(£ -M p) = |£| and Q(£ + ip) = |£| 2 + 2i (£, p). Therefore, if £ is orthogonal to p, then 
the right hand side of (12.20 becomes 2 \u\ |£| |p|/|£| 2 , which tends to infinity when £ tends 
to 0, as required. 

Denote by P the parabolic region in the plane defined by 

P = {(x,y)eR 2 :y 2 <A(p,p) x}. 

Note that P is the image of Tw under Q. If M(C) is in G B 9 (X) for all q in (1, 00), then 
its spherical multiplier M o Q is holomorphic in Tw by the Clerc-Stein condition, and M is 
holomorphic in P. This partially motivates the definition below. 

Definition 2.4. Suppose that J is a nonnegative integer and that k is in [0, 00). Denote by 
Sj(P; J, k) the space of all holomorphic functions M in P such that ||M||^(p ; j )K ) < oo ; where 
||^IU(P;J,k) is the infimum of all constants C such that 

\M<*Hz)\ < , C n+3 VzgP Vje {0,1,..., J}. 

mm(p| , I z\ ) 

Clearly for each j3 such that Re/3 > the function z 1— > 2;^ is in fj(P; J, Re /3) for all J > 0. 
Note that if M is holomorphic in P, then M o Q is, in fact, Weyl invariant and holomorphic 
in Tb- In Proposition 12.61 below we prove that if M is in f)(P; J, n), then M o Q is in the 
space H(T B ; J, k), which we now define. 

Definition 2.5. Suppose that J is a positive integer, k is in [0, 00) , and assume that E is a 
convex neighbourhood of the origin in a*. Denote by H(Te', J, k) the space of all holomorphic 
functions m in Te for which ||w||_h"(t e ;J,k) < 00, where \\tti\\h(t e ;J,k) is the infimum of all 
constants C such that 

|T> J m(C)|< r^- VCGT E+ V/:|/|<J. 

' ' min(|Q(Or +|7| ,|Q(C)| |/|/2 ) 

See Section [I] for the definition of E + . 
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In the rest of the paper we shall consider spaces H(Te; J, k) when E is either B or B* for 
some t in M~. 

Proposition 2.6. Suppose that J is a nonnegative integer and that k is in [0, oo). Then 
there exists a constant C such that 

\\M o Q\\ H ( Tn ;j,K) < C ||M|U (P . JjK) . VM G £(P; J, k). 

Proof. Suppose that / is a multiindex. A straightforward induction argument shows that 
there exist constants cp such that 

(2.3) D\MoQ){Q= c P C'- 2P M^\-\ p \\Q{C,)) V( G T B+ . 

0<P<7"/2 

Observe that if ( is bounded, then so is |Q(C)|- Since M is in i}(P; J, /c), 

|^(Mog)(c)|<C||M|U (P;J , K) £ |C| |J| - 2|P| |g(C)r KH/|+|P| 

0<P<I/2 

<c\\m\\w,j*) e i^(or KH/|+|p| 

0<P<I/2 

<c\\m\\ hp , 1k) |g(or KH/| vc G B + iB + . 

If, instead, £ G (a* \ B) + zB+, then |Q(C)| > C |C| 2 for some positive constant C. Hence 

|L> J (MoQ)(C)|<C||M|U (P;J , K) £ |Ci |Jh2|P| |Q(C)r IWI 

o<p<//2 

<C||M|U (P;JiK) |Q(C)r |/|/2 VCG (a*\B)+iB+. 
Thus, M o Q is in H(Tb; J, k) and ||M o <5||h(t b ;J,k) < C ||^IU(P;J,k), as required. □ 

In the higher rank case most spherical multipliers are not of the form M o Q with M holo- 
morphic in P, and, in general do not extend to holomorphic functions in a region larger than 
Tw- We would like to prove a result which applies to multipliers of the form m (MoQ), where 
M is in f)(P; J, k), and that m is holomorphic and bounded in Tw and satisfies estimates 
(10. ip . To introduce the appropriate function space we need more notation. For every multi- 
index I — (ix, i%, . . . , it) we shall denote by D 1 the differential operator d^dj? • ■ ■ d^ ( , where 
( = £ +irj, £ and r\ are in a*, Q = and (£i, . . . , and (771 , . . . , rje) are the co-ordinates 

of £ and 77 with respect to the basis S\, . . . , e^_i, p/ |p|, defined in the Introduction. 

Definition 2.7. Suppose that J is a positive integer and that k is in [0, 00), and assume 
that E is a convex neighbourhood of the origin in a*. Denote by H'(Te] J,k) the space of 
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all holomorphic functions m in Te for which \\m\\ H i(T^j, K ) < oc, where \\m\\H'(T E ;J,K.) ^ s ^ e 
infimum of all constants C such that 

C 

1 1(0 ' - mm(|Q(C)r + " +l ""MO(C)l ,l " l+ " ,/2 ) VC ^ 

for all multiindices (/', ii) for which + ig < J. 

In the rest of the paper we shall consider spaces H'(Te\ J,k>), where E is either W, or W* 
for some t in R~. Observe that the functions in if^Tw 4 ; </, «) satisfy on 7w+ the same 
estimates that functions in H'{T^\ J, k) satisfy, but they need not be holomorphic in the 
whole tube T w . A similar observation applies to functions in the spaces H(T B ; J, k) and 
H(T B t] J, k) defined above. 

Remark 2.8. Suppose that m is in H'(Tw; J, k) and that the function £ > m(£ + ip) is 
smooth on o* \ {0}. By a continuity argument for each multiindex (/', if) with \I'\ + ig < J 
the function m satisfies 
(2.4) 

D™m{t-+ip) < ^l H '}Jr J ' R) V£Ga*\{0}. 

" min(|g(£ + ^r+^'i/Mg^ + ^i^'d/ 2 ) 

Note that min(|g(C)r +i<+|/ ' l/2 , |g(C)| (4<+|/ ' l)/2 ) is equal to \Q(()\ K+ie+in/2 if |C| is small and 
to |g(C)| fe+|/ ' l)/2 if |C| is large. Furthermore \Q(£ + ip)\ = ||£| 2 + 2i (£,p)|. Thus, 

|£| 2 if £ is either large, or small and £ _L p 
|£| if £ = cp for c G M + small. 

Then, from fl2.4jl we deduce that 



\Q(t + ip)\ 



D {I '' ie) m(i + ip) 



Mltf'(T w ;J,0 |£| |Z 1 H if £ is large 



< { \\m\\ H/{Tw; j, K) |£|-(^+l J 'l/2) if £ = c p for c G 1R + small 
MIh'(tw,«0 |£p (2K+2if+|/ !) if £ is small and £ J_ p. 

In particular, if k = 0, then the function m(- + ip) satisfies a standard Mihlin-Hormander 
condition of order J at infinity on o* and a nonisotropic Mihlin-Hormander condition of 
order J near the origin. A similar anisotropy was noticed in |CGMI4 Thm 1 (vii) and (ix)] 
in connection with the kernel of the (modified) Poisson semigroup. 

In the next proposition we prove that if M G Sj(P; J, k), then the restriction of M o Q 
to Tw belongs to H'(Tw; J, k). A straightforward calculation then implies that if m is 
holomorphic and bounded in T w and satisfies estimates (IQ.ip . then the product m (M o Q) 
is in H'(Tw', J, k)- 
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Proposition 2.9. Suppose that J is a nonnegative integer, and that k is in [0, oo). Then 
there exists a constant C such that 



\M o Q\\ H , {Tw , JiK) < C ||M|U (P;JiK) VM G #(P; J, k). 



Proof. By arguing as in the proof of Proposition 12. 6[ we see that there exists a constant C 
such that 

(2.5) \dV'^{MoQ){()\ <C\\M\\^ K) \Q(C)\- {te+lI ' l)/2 VC G {a* \ B) + iW + . 
We claim that there exists a constant C such that 

(2.6) |C'| < C \Q(()\ 1/2 VC G B + iW + . 

Given the claim, we indicate how to conclude the proof of the proposition. Write I for 
the multiindex (/', if). Note that (12.31) . the assumption M G Sj(P; J, k) and (I2.6P imply that 
there exists a constant C such that 

^)(MoQ) ( 0|<C||M|U (P;J)/t) £ iCii^ 2 ^ K'l 17 ' 1 ^' 1 |Q(C)r^ HI ' l+|P| 

0<-P<//2 

<cm«w E |Q(c)| l " l/2HP ' l |e(or- i ' H '' l+|P| 

0<-P<//2 

< C7 ||M|U (P;J)/t) |Q(0r^~ |J ' l/2 VC G B + ? W + . 

The required conclusion follows directly from this estimate and (12. 5p . 

It remains to prove the claim. We abuse the notation and denote by T Cl the cone {(A', A^) G 
a* : |A'| < ci Xf}. By [HH Lemma 8.3] W+ = (o*)+ n (p - + (a*)), where +(a*) denotes the 
dual cone of (a*) + . Recall that +(a*) C T Cl (see GSM ), so that W+ C (o*)+ n (p - T Cl ). 
Suppose that c is a number such that {c\ — 1) / (cf + 1) < c < 1. Set V = {(//', rjf) : c \p\ < 
r]e < \p\ , \rf\ < C\ (|p| — r/i)}. If c is sufficiently close to 1, then V C (a*) + - 

Observe that (12.61) is obvious when C is in B + i(W + \ V). Indeed, both sides of (12. 6p are 
continuous functions of C, and C stays at a positive distance from ip, which is the unique 
point in Tw+ where Q vanishes. 

Now suppose that C is in B + i(W + n V), and write C = £, + iV- Note that 

\Q(o\ 2 = m 2 + \p\ 2 -M 2 ) 2 +m,v)\ 2 
>m 2 + \p\ 2 -\v\ 2 ) 2 - 
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Furthermore 

I 1 2 I 2 I 1 2 2 I /|2 

\p\ - \v\ = \p\ -vi-\v\ 

> \p\ 2 - - c\{\ P \ - Vl y 

= (\p\ ~ Vi) (\p\ +Vi-4 \p\ + c 2 iVi) 

> \p\ (\p\- m ) [l-cl + c(l + cl)]. 

Since c has been chosen so that 1 — cf + c(l + cf)>l, 

|p| 2 - M 2 > (\p\ -m) \p\ > — W\ ■ 

Cl 

Therefore 

\Q(0\ 2 >c(\z\ 2 + W\) 2 > c (in 4 + W\ 2 ) > c K'l 4 . 

This completes the proof of the claim (12.61) . and of the proposition. □ 

Now we state our main result. Its proof is deferred to Section Given B in G B 2 (X), we 
denote by |||5|||i ; i )00 the quasi- norm of B qua operator from ^(X) to L 1,00 (X). 

Theorem 2.10. Denote by J the integer [n/2] + 1. The following hold: 

(i) if k is in [0, 1), then there exists a constant C such that for all B in G B 2 (X) for 
which THE is in H'{T\\f' : J ) 

|||-B|||l;l,oo < C \\mB\\H'{T w ;J,K)'i 

(ii) there exists a constant C such that 

|||M(£)||| 1;li00 < C ||M|U (P;Jjl) VM e f>(P; J, 1). 

Remark 2.11. The proof of Theorem 12. 101 will show that in the case where £ > 1 the non- 
isotropic behaviour of the multiplier mg near the point ip (see Remark 12.81 above) implies a 
nonisotropic behaviour of the kernel fcg at infinity. In fact, the bounds of ks we shall obtain 
are expressed, in Cartan co-ordinates, in terms of a nonisotropic homogeneous "norm" on a. 

Remark 2.12. Observe that Theorem 12.101 (ii) applies to £~ a / 2 when < Re a < 2 (hence 
we re-obtain Anker's result [A2] ) . and that it is sharp, in the sense that for each k > 1 the 
function z \— > z~ k is in fj(P; J, k), but L~ K is not of weak type 1. We also remark that if 
M is in fj(P; J, k) for some k in [0, 1), then, a fortiori, M is in i}(P; J, 1), hence (ii) applies 
to M. 
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Remark 2.13. We do not know whether (i) holds with k = 1. Moreover, if M is in 5}(P; J, 1), 
then mM(c) is i n H'(Tw; J, 1) by Proposition l2.9l Thus, for functions of the Laplace-Beltrami 
operator £ condition (i) is weaker than (ii). 

3. Weak type estimates for certain convolution operators 
Suppose that £6R, and consider the i^-bi-invariant functions rf and r| on G, defined by 

(3.1) \, VHea + . 
r|(exp#) = e" 2 ^) (1 + J\f(H)) 

The homogeneous norm M is defined in f 11 . 2 f) . Note that rf ^ L X {G) when e < (£ + l)/2, 
and r| ^ ^(G) when £ < 2. We denote by T{ and T| the convolution operators / i— ► / *rf 
and / t— > / * r| respectively. In this section we study the weak type 1 boundedness of the 
operators Tf and T|. The weak type 1 estimate for T® was essentially proved by Stromberg 
in [Str] (see also pEQ pag. 1331] and [Ml pag. 276]). 

It is fair to say that the result stated in \Str\ Remark 2, p. 125] applies to both t[ when 
e > and to r| when e > 0. This gives the weak type 1 estimate for Tf when e > and for 
T| when e > 0. However, the result in [Strl Remark 2, p. 125] is stated without proof. For 
the reader's convenience we prefer to give a self-contained proof of the weak type 1 estimate 
for the operator Tf. Our strategy follows closely that of Stromberg, 

For each complex number b denote by e& the character s i— ► e bs on R. Recall the co- 
ordinates (#', i^) on a introduced in Section [TJ Denote by i/ the measure on a defined by 
dis(H', Hi) = e 2 \ p \ Hl dHe dH' . Note that v is the product measure x ui, where A^_i 
denotes the Lebesgue measure on p L and dvi(Hg) = e 2 ' p ' Hf dHg. Define the function o by 

(3.2) a(H', H t ) = e_ 2 | p , (H e ) p(H') V(#', if,) G R^ 1 x R . 
where p is a function in L 1 (A^_i). Define the operators S% and S* by 

5 1 / = /* R e_ 2 | p | V/eC c °°(R) and Sf = f*^a V/ G tf c °°(R<) 
where *k and *r< denote the convolution on R and on R £ respectively. Observe that 

Sf(H',Hi)= [ e- m {Ht-L t ) [ p(H' - U) f(L', L e ) dL' dL e 
Jr Jr*- 1 

(3 ' 3) = / e_ 2lpl (H £ -L e )[f* Rt -ip(-,L e )](H')dL e 

JR 

= [SiF(H', •)] (Ht) V(#', H e ) G R^ 1 x R, 
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where F(H', -)(H e ) = [f * w i-x p(-, H e )] (H'). Note that 
(3-4) \\F(H',.)\\ LHvi) < [ \\f(L',.)\\ LHui) \p(H'-L')\ dL'. 

We shall use the following elementary lemma. 

Lemma 3.1. The following hold: 

(i) the operator Si extends to a bounded operator from L l (vi) to L l,00 {vi); 

(ii) the operator S extends to a bounded operator from L 1 ^) to L 1,00 (z/). 

Proof. First we prove (i). It suffices to consider nonnegative functions /. Since e_2| p | is a 
character of the group R, 

Sif = e_ 2 |p| [{e 2 \p\f) *r 1], 
where 1 denotes the constant function equal 1 on R. Observe that 

(e 2 | P |/) *r 10) = ||e 2 | p |/|| L i (Al) = WfWm^)- 



Thus, S\f = e_ 2 |p| H/Hl 1 ^) • Now, for every t > the level set {sGK: Sif(s) > t} is just 
the interval (— oo, log(||/||ti( I/1 )/t) 1 ^ 2 ' P '). Hence 

rlog(\\f\\ L i M /t)^^^ 

i^({sel:5i/(s)>i}) = / di/i 

J — oo 



2\p\ t 
as required. 

Now we prove (ii). Suppose that / is in L 1 ^). By Fubini's theorem, (13. 3p and (13.41) 
v({Hea:\Sf(H)\>t})= [ u 1 ({(H e eR:\Sf{H',H i )\>t})dH' 

= [ v 1 ({H e eR:\[S 1 F(H / ,-)](H e )\>t})dH / 

<7^T / \\F(H',.)\\ LHui) dH' 
1 \P\ 1 Jp^ 

< IblU^-O \\f\W<y) Vt G R + , 

as required. □ 

For each c in R + define the cone T c by 
(3.5) r c = {H e o: \H'\ < cH e }. 
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Since H p is in a + , there exists Co such that r co C a + . It is well known (see |HCl Lemma 34] 
or |H2l Ch. VII, Lemma 2.20 (iv)]) that the dual Weyl chamber + a contains a + . Then the 
dual cone IY/^ contains + a. Choose c\ > l/c : note that 

(3.6) r co c a+ c + ac r 1/co c r ci . 

Proposition 3.2. Suppose that e is in JR.. The following hold: 

(i) the operator Tf is of weak type 1 if and only if e > 0; 

(ii) if I > 1, then the operator T| is of weak type 1 if and only if e > 0. If £ = 1, then T| 
is of weak type 1 if and only if e > 0. 

Proof. First we prove (i). Stromberg [Strj proved the weak type 1 boundedness of the 
convolution operator / i— ► / * t, where r is the i^-bi-invariant function defined by 

r(exptf) = e- 2 ^ H \ (l + \H\ f^ )/2 ViJ G a+. 

It is straightforward to check that his argument applies almost verbatim to the operator . 
Since r{ < r° for all e > 0, the weak type 1 estimate for the operators Tf is an immediate 
consequence of that of Tf. 

To conclude the proof of (i) it remains to show that T[ is not of weak type 1 when e < 0. 
By a standard argument, it suffices to prove that the corresponding kernel is not in 
L 1,00 (X). We give the details in the case where I > 2. Those in the case where i = 1 are 
easier, and are omitted. Observe that 

7f(exp H) = e- 2p{H) U(H) VH e a + , 

where U(H) = tfW-M W (l + p{H)) {1 ~ l)/2 ~ e . Write H = (H',H e ), and recall that p(H) = 
\p\Hf. A straightforward computation shows that 



p{H)-\p\ \H\ = -\p\ 
>~\p\ 



\H'\ 2 



H t + \/Hf + \H 
\H'\ 2 



M2 



2 



Now, if H is in p (see (11.41) ). then \H'\ /Hi < 1, so that there exists a positive constant c 
such that 

U(H) > c (1 + if,) (1 ^ )/2 ~ £ G p. 
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For each t in R + , define E t = {k 1 exp(H)k 2 G Kexp(a + )K : rf(expH) > t}. Set h : = 
inf {Hf G M + : (if', i^) G a + n p}, and denote by s t the unique point in IR + such that 



|fci exp(#', H e ) k 2 G Kexp(a + Hp)K: — ( ^ 1)/2+£ > t j 



Denote by \E t \ the Haar measure of E t . Note that 

-2|p|ff* 

c (1 + H t 

> \{k 1 exp(H' 1 H e )k 2 G K exp(a + Dp) K : h < H e < s t }\. 

It is straightforward to check that this measure is estimated from below by a constant times 
Ih s^~ 1 ^ 2 e 2 ' p ' s ds. By (13 .7p s t tends to oo as t tends to + . Integration by parts shows 
that the integral above is comparable to sf 1 ^ 2 e 2 ' p ' s * as t tends to + . Thus, there exists a 
positive constant C such that 



\E t \>Cst 1)/2 e 2 ^>C S -^. 

t 

Hence sup t>0 (t \E t \) = oo, so that rf ^ L 1,00 (X) if e < 0. The proof of (i) is complete. 
Next we prove (ii). Suppose first that £ = 1. Then 

r £ {expH) = e~ 2p{H) (1 + \p\ H)- £ 

ViJ G o+. 

r 2 e (exp#) = e" 2p(H) (1 + Vh)~ e 
It is straightforward to check that there exist positive constants C\ and C 2 such that 

n e/2 ^ e ^ ri e/ 2 

By (i) T\' 2 is of weak type 1 if and only if e > 0. Hence so is T|, as required. 

Now suppose that £ > 2 and that e > 0. We express r| in Iwasawa co-ordinates. Denote 
by P : AT -> R the function defined by P(n) = e - p{H(Jl)) . Recall that 

(3.8) [nak] + = log a + #(n) + tf'(n, a) vn G iV Va G A Wk e K, 

where H(n) and H'(n,a) are in + a (see, for instance, [Str| p. 119]), and [na/c] + denotes 
the a + component of nak in the Cartan decomposition K exp a + K . For the rest of the proof 
we write x instead of log a, and y instead of H(n) + H'(n, a). Then 

(3.9) rl(nak) = e~ 2p(x+y) [l + Af(x + y)] l ~ l ~ e . 
Since H'(%a) is in +a, e~ p{v) < e - ^^ = P(n), so that 

(3.10) r £ (nak) < e~ 2p( ~ x) P(nfl 2 e~ p ^ /2 [l + Af(x + y)] 1- '~ e . 
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We claim that there exists a positive constant C such that 

C [l +Af(x)] 1 ~ £ ~ e ViGT, 



-p(y)/2 
[l+Af(x + y)} 1 



Cl 



\p\M/2 VxG(-r ci ) 



<5|x'|— 5ci|i^| 



Vx£ (r cl u(-r cl )) : 



where 8 = (c — 1/ci) |p| /8 (see (13.51) and (13.61) for the definitions of c , c x and r ci ). 

Observe that, on the one hand, x + y belongs to a + , because x + y = \nak} + , hence to T C1 . 
On the other hand y is in + a C T Cl , so that that x + y is in x + T C1 . Thus, 

x + y e r ci n (x + r ci ). 

To prove the claim, first assume that x is in r ci . Observe that if M{y) < J\f{x)/2, then 

M{x) < Af(x + y)+ Af(-y) < M{x + y)+ Af(x) /2. 
Hence Af(x) < 2Af(x + y) and Af(x + y) 1 ' 1 ' 6 < CAf(xy~ e - £ , so that 

e -p(2/)/2 , , c 



[l+M{x + y)]' 

where we have used the fact that p(y) > 0. 

If, instead, N(y) > Af(x)/2, we observe that N(x + y) > (xe + yi) 1 ^ 2 by definition of the 
homogeneous norm J\f, and that M(y) < (1 + c\) l / A \yi\ , because y is in T Cl , and conclude 
that 



A/"(x + y) + ye 

In the last inequality we have also used the fact that xi > 0, because x is in the cone T Cl . 
Then Af{x + y) 1 - 1 - 6 < Cyf +e ~ 1)/2 M(x) l ~ l - £ . Hence 

a -p(y)/2 

-<C[1 + yt £ ' 1)/2 } e-^M^x) 1 -^ 



[l+N(x + y)] 



X 



,l—£—e 



as required. 

Next suppose that x is in — T Cl . Since x + y is the a + component of nak in the Cartan 
decomposition K exp(a + )K, x + y is in r ci , hence xe + yi > 0. Therefore ye > —xg. Now 
— xi = \xe\, because x is in — T Cl . Hence 



c 



-p(i/)/2 



[l+Afix + y)]^- 1 

as required. 



< e \p\xe/2 _ e -\p\\x e \/2 
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Finally, suppose that x is in o\ (r ci U(— r ci )). Since x + y is in T 1 / CQ , yi + x? > c \x' + y'\. 
Hence 

y t > -x t + c \x' + y'\ > -x t + c (\x'\ - \y'\). 

Recall that y is in Ty^, whence — c \y'\ > —ye, and that a; is in a \(r ci U(-r ci )),sothat 
— \xe\ > —\x'\/c\. Therefore 

Vi > [Co ~ V c iJ \x\-yt> - \x | H \xt\ - y^ 

i.e., yi > (cq — 1/ci) \x'\ /4 + (c ci — l) \xi\ /4. Hence 



-p(2/)/2 

< e~ (C °~ 1/cl) lPl m/0 e~ 



e ' ~{c -l/c 1 )\p\\x'\/& -(CQ C1 -I)\p\\x t \/S, 



Cl 



as required to conclude the proof of the claim. 
Denote by crf the function defined by 

C e~ 2p ^ (1 + N(x)) 1-/ ~ e Vx G T c 

e -2p(x)-\p(x)\/2 Vx e (_p c 

e -2p(x-)-<5|a;-p(a;)p/|p||-5ci|p(x-)|/|p| \/ x ^ (V Cl \J (-F Cl )) . 

It is straightforward to check that a\ is in L 1 (a\T Cl , v). Hence the corresponding convolution 
operator is of weak type 1. 

Note that M{x) > \x'\. From f[3TT2"j) we deduce that 



(3.12) af(expx) 



Cl , 



e "2|p| x e 



(a%l T ) (exp x) < C --— — r Vx G T Cl . 

ViJ-ci/V ^ / — (1-)- X D 

Since a?' i— > (1 + jx'!)^ -1 is in L 1 (p ± ,A£_i) for all e > 0, we may apply Lemma 13.11 and 
conclude that the operator /•—>•/* (erf ° log) is bounded from L 1 (a, z/) into L 1,00 (a, z/). 
Now, (EHUD and (ETTTll imply that 



(3.13) r 2 £ (rrafc) < P(rl) 3/2 af (a) 



It is well known (see, for instance, |Strj ) that P 3 / 2 is in ^(N). This, estimate (13. 13[) and 
the fact that / i— » / * (crf o log) is bounded from L 1 (M £ , z/) into L 1,00 (I^, i/) imply (see [StrJ, 
Step four, p. 118-120]) that the map / i— > / * rf is of weak type 1, as required. 

To conclude the proof of (ii), it remains to show that T° is not of weak type 1. It suffices 
to prove that r° is not in L 1,oc (X). Denote by r' the fT-bi-invariant function on G defined by 

T^hexpiH',^)^) = (l + \H'\) 1 - e e- 2 ^ H 'l p c nrco (H',H e ) \JH G a + Vk u k 2 eK. 
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Note that t® (expH) > C r'(expif) for all H in a + . Indeed, Hi < \H'\ 2 , because H is in p c . 
Hence 1 +J\f(H) < 1 + 2 1 / 4 \H'\, from which the inequality above follows directly. 

We show that r' is not in L 1,00 (X). Clearly this implies that r° is not in L 1,OQ (X) ei- 
ther, as required. For each t in (0, e~ 2 ' p ' 2 1 ~ i ] define Q t = { k\ exp(H) k 2 G K exp(a + ) K : 
t'(/ci exp (H)k 2 ) > t}, and the function b t : R -> R by 

6 t (s) = (te 2 ^ i )- 1 ^- 1 )-l VsGR. 

Denote by ii t and f t the unique solutions to the equations s = b t (s) and s 1//2 = b t (s). It is 
straightforward to check that 1 < u t < v t for all t in (0,e~ 2 ' p l 2 l ~ e ] and that s 1 / 2 < fe t (s) < s 
for all s in (u t ,v t ). Note also that r'(expiJ) > t if and only if H is in p c n r co and 
\H'\< bt(H t ). Therefore 

n t D {hvcpiH^He) k 2 E Kexp(a + )K: u t < H e < v t , H 1 / 2 < \H'\ < b t (H e )}, 

and 

rvt 

\Q t \> / e 2 ^ s A,_ 1 (A)d S , 

where A s denotes the annulus {H 1 e p -1 : s 1 / 2 < < Therefore 

A £ _ 1 (A s ) = c6,( S )-c^- 1 )/ 2 , 

where c is the volume of the unit ball in IR £_1 with respect to the Lebesgue measure. Observe 
that Ut tends to oo as t tends to + . Hence s is large in the formula above. Now, there exists 
a positive constant C such that if s is large, then 

so that 

To conclude the proof, it suffices to show that v t — u t does not stay bounded as t tends to + . 
From the definition of u t and v t we deduce that 



c 



2H(t*-«0 = ( 1 + v t w " 

1 + IV 



Now, if Vt — Ut stays bounded, then so does the right hand side in the formula above. Hence 

1 /2 

there exists a constant C such that 1 + v t < C (1 + u t ), but this is impossible, because 
v t > u t and u t tends to oo as t tends to + . 

This proves that T° is not of weak type 1, as required to conclude the proof of (ii) and of 
the proposition. □ 
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4. Kernel estimates 

In this section we prove some technical lemmata, which will be used in the proof of 
Theorem 12.101 The ball B is defined just below formula (11.11) . 

Lemma 4.1. Suppose that 7 is in 1R + . Then there exists a constant C such that for every 
7] in (a*) + with = \p\ and for every e in (0, 1/4) 



(4.1) / \Q(X + i{l-£)ri)\ 7 dA < 



C (1 + e (*+l)/2-7) »/ 7 ^(^+l)/2 

Clog(l/ £ ) t/ 7 =(^ + l)/2. 



Proof. Given 7] in (a*) + such that \rj\ = \p\, we choose an orthonormal basis of a* whose last 
vector is 77/ \r)\. For any A in a* we write A = (A' , A^), where A^ G IK^ -1 and A, £ 1 for the 
co-ordinates of A with respect to this orthonormal basis. Notice that 

\Q(\ + z(l - e)rj) | 2 = [A? + |A;f + (2e - £ 2 ) |p| 2 ] 2 + 4(1- £ ) 2 |p| 2 A 2 ,. 

Then there exists a constant C such that 

|Q(A + i(l - e)?/) | 2 > C [(|A;| 2 + £ ) 2 + A 2 ] VA e B. 

Therefore 

(4.2) / B |a(A + i (i- £) ,)|-dA < C ^ —s-i—^ dva;. 

If £ + 1 > 27, then the integral on the right hand side of (14. 2 j) is estimated from above by 

/ [|A;| 4 + A;]- /2 dA,dA;, 

which is finite, so that (14. ip is proved in this case. 

Now suppose that £ + 1 < 27. We abuse the notation and denote by b# the set of all 
(A^, A,,) in R^ 1 x E such that | A^| 4 + A 2 , < R 4 . Observe that B C b 2 | p |. Indeed, if (A^, A,,) 
is in B, then A' + A 2 < \p\ . In particular A' < \p\ and jA^I < |p|, whence 

|a;| 4 + a 2 < |p| 2 |a;| 2 + a 2 < m ax (i, \ P \ 2 ) (|a;| 2 + a 2 ) < max(i, | P | 4 ) < (2 \ P \)\ 

because |p| is always at least 1/2. We majorise the integral on the right hand side of (14.21) 
by integrating on b 2 | p | instead than on B. Then, changing variables (A^, A^) = (e 1//2 v', eve), 
we see that 

/ \Q(X + i(l-e)rj)\ 7 dA<C / ^dv'dv e . 
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If £ + 1 = 27, then ( 14. 2 p is bounded by C log(l/e), as required. 
If £ + 1 < 27, then is bounded by 



£ (^+l)/2-7 



df ' dt>£ /" df ' dt>^ 



<C£ (e + l)/2-y 



'm [(|^| 2 + i) 2 + ^ 2 ] 7/2 J^dvf + vfpft 

as required. □ 

Lemma 14.21 below will be used in Step II of the proof of Theorem 12.101 to control the 
kernel /eg away from the walls of a + , whereas Lemma [4.61 below is needed in Step III of the 
same proof to control the size of fee near the walls of a + . 

Lemma 4.2. Suppose that k is in [0, 1]. Set J := £ + 1 and denote by L the least integer 
> {I + l)/2. For any function m, which is holomorphic in Tw*, for some t in M.~ , and such 
that m e~QI 2 is in L l (a*) (with respect to the Lebesgue measure), define k\ : o + — > C by 

h(H)= f m(A) e- Q(A)/ V A(H) dA \JHea + . 

J a* 

The following hold: 

(i) there exists a constant C such that for all m in H'(Tw, J, k) and for all H in a + 

-i-l+2K 



\ki(H)\ < 



C |H|^(T wt; j, K) e-^[l +AT(H)]- t - i+ZK zf0<n<l 

C\\m\\ H/{Twt;J>0) e-^ [l+AfiH)]'"' 1 \og[2+Af(H)] if k = 0; 

(ii) if either < K < 1 or k = and £ is even, then there exists a constant C such that 
for all m in H'(Tw, J, k) 

\h(H)\ < C \\m\\ H[T ^ L , K) e-W ^1 [l + p{H)] ~^ 2+K WH G a+ 

Similarly, if k = and £ is odd, then there exists a constant C such that for all m in 
H'(T Bt ;J,K) 

\WH)\<C\\m\\ H{TBt ., Lfi) e-MW [1 + p (#)] ~ (m)/2 log[2 + p(tf)] Vif G a + . 
Proof. We denote by mi the function defined by 

mi (C) = m(C) e- Q(c)/2 VC G T w t. 

Observe that k\ (which is the inverse Fourier transform of mi) is bounded, because m\ is 
in L l (a*). Therefore all the estimates in (i) and (ii) hold trivially for if in a + fl b 2 , and we 
may assume that H is in a + fl b2 C . 

First we prove (i). For the duration of the proof of (i) we write p £ instead of (1 — 
e)p. An application of Leibniz's rule shows that there exists a constant C such that for 
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every multiindex (I', it) such that \I'\ + it < J, for every e in (0, 1/4), and for every m in 
H'(Twt] J, k) 



(4.3) 



D {I '' ie) mi (X + ip £ 

C\\m\\ H , [TwM e-^^^ 



< 



C \\m\\ H ,(T wt; j >K ) \Q{X + ip £ ) 



-K-i e ~\I'\/2 



VA G a* \ B 
VA e B. 



Assume that e is in the interval (0, C/p(H)) for some fixed constant C. Since mi is holo- 
morphic in Tw*, we may move the contour of integration to the space a* + ip £ , and obtain 



MH)\ 



-(l-e)p(H) 



mi (A + ip e ) e iX{H) dA 



<Ce"^ f m 1 (X + i Pe )e iX ^dX 



\/H ea + n h 2 c . 



We shall treat the cases where H is in a + D b 2 c D p and if is in o + fl b 2 c D p c separately (the 
region p is defined in (11.41) ). 

First suppose that H is in a + fl b 2 c fl p and choose e = 1/ p(H). By integrating by parts J 
times with respect to the variable A^, we see that 



\h{H)\ < Ce- p(H) 
C 



J TT-J 



%- J H, 



I 

i) 'H, 



m x {X + ip e ) dje iX{H) dA 



~ J U 7 J / d^ mi (X + ip e )e iX ^dX 

J a* 



- Hi 



P{H) 



\dimx{X + ipe)\ dX + / |d/mi(A + ip e )| dA 

a*\B JB 



We use estimates (14. 31) with J' = 0' and 2£ = J, and obtain 



|&i(#)l < C \\m\\ HI( r ;JjK) 



-p{H) 

~hT 



e -RcQ(A+ip £ )/4 



a*\B |Q(A + ip £ ) 



|**/2 



dA+ / \Q(X + ip e 



dA 



It is straightforward to check that KeQ(X + ip £ ) > |A| 2 for all A in a*. Hence the first integral 
is majorised by J a .\B ex P( — l^| 2 /^) I I _ * £ dA, which is clearly convergent and independent 
of e. To estimate the second integral we observe that n + J > (£ + l)/2 for every k in [0, 1]. 
Then Lemma 14.11 (with 7 = k + J) implies that 



\Q(X + ip £ 



I —K—J 



dA < C (1 + e (^+i)/2-J-«) v £ e (0, 1/4). 
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Recall that e = l/p(H), and that H is in o + fl b 2 c H p, so that if^ is (positive and) bounded 
away from 0. Therefore 



MH)\ < C \\m\\ HW ^ — - [I + H ^- {e+1)/2 ] 



e -p(H) 



<r r ll™ ll -p(h) ttk-(£+i)/2 

< C \\m\\ H >(T w t;J,K) e H e 

< C \\m\\ w{Twt . >JtK) e-oW [l+N(H)] 2K - {e+1) \/Hea + n W n p, 

as required. 

Next suppose that H is in a + fl b 2 c fl p c and choose e — 1/ |-ff'| 2 . Note that e < C/p(H), 
where C does not depend on H. Suppose that H = (H', H e ) is given. Denote by d' the 
directional derivative on a* in the direction of H' . By integrating by parts, we see that 

\ki(H)\ < Ce~ p{H) 
= Ce-'< H > 



(4.4) 



%~ J \HT J 



n-J 



m^X + ip.) (<9')V A(H) dX 
(d'y mi (\ + ip £ )e iX{H) dX 



a" 



By arguing much as above (we use (14.31) with \I'\ = J and %i = 0), we see that if k > 0, then 



MH)\<C\\ 

^11 -ff'(T w i ; J, k 



e-p(^) 



[1+ 



(f+l-J)/2-K 



e-p(^) 

< C \\m\\ H/{Twt . J:K) -—j- [1 + |# 



f , J+2k-(£+1)-i 



<C\\m\\ H , (Twt . AK) e-oW [l+Af(H)] 



WHea + n b 2 c n p c 



as required to conclude the proof of (i) in the case k > 0. If, instead, n = 0, then by arguing 
much as above we see that 



\h(H)\ <C\\m\\ H 



e -p(H) 



e -RcQ(A+ip e )/4 
a*\B |Q(A + ip £ )\ J 



-J 



d\+ / g(A + z Pe ) "d\ 



By Lemma fl~Tl the last integral is estimated by C log(l/e), so that 
MH)\ <C||m||^ (Twt;J)0 )^— r log \H'\ 



£-1 



< C \\m\\ H , (Twt . m e-^ log [2 + Af(H)] [l +N(H 
where we have used the fact that there exists a positive constant c such that 

c Af(H', H e )<\H'\< AT(H', Hi) V(iT, i£) e a+ n b 2 c n p c . 



The proof of (i) is complete. 
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Next we prove (ii). Observe that for any vector rj in <9B + and any positive integer j < L 
the derivative d^m of order j in the direction of rj may be written as a linear combination of 
the derivatives D I m with |J| = j. Therefore 

(4.5) \^m(C)\ <C\\m\\ H{WK) \Q(C)r~ j VCgB+*B+. 

By the Leibniz rule, mi satisfies a similar estimate. Given H in a + D b 2 c , define e and 77 by 
e = l/(|p| |lf |) and 77 = (|p|/|if|) if. For the duration of the proof of (ii) we write r\ e instead 
of (1 — e)r\. By shifting the integration to the space a* + irj £ , and integrating by parts L 



times, we see that 



k x (H) = e -^)\p\\ H \ j mi (\ + i<q e )e iX{H) d\ 

J a* 

mi (A + iij e ) dfe iX{H) dX 



-(l-e)|p||H| 



(iv(H)) L 

-(l-e)|p||H| 



e -(l-e)|p||ff| f 

(~ {p{ m)L J 9 L v m, (A + irk ) e^ H) dA. 



By arguing as in the proof of (i) we see that there exists a constant C such that for every e 
in (0, 1/4) 

(4.6) / |aJmi(A + z%)| d\ < C \\m\\ HiTBt;L)K) Vm E H(T B t; L, k). 

Ja*\B 

This and (14. 5p imply that 

\h{H)\<C\\m\\ H{TBt . !L)K) ^- ir \l+ [ |Q(A + ^ £ )P~ L dA . 

|-n| L JB j 

We use Lemma [4.11 to estimate the last integral. If k = and £ is odd, then L = (£ + l)/2. 
Therefore the last integral is majorised by C log(l/e). Thus, 

|*i(10I ^ C IMkw.o) 2^ log(l/e) 

No I 

<C||m|| ff(rBt . £) o)e-l"l^ [l + p(iy)]- (m)/2 log[2 + p(if)], 

where we have used the fact that if H is in a + , then p(H) = \p\ Hi < \p\ \H\. If, instead, 
either I is even, or k > 0, then L + k > (£ + l)/2, so that by Lemma [4. II 

\ki(H)\ < C \\m\\ H{W ^ [1 + |lf r-^/ 2 ] 

La I 

<C||m||„ (w , K) eH^ [l + |i/|] K - (m)/2 

< C \\m\\ H{TBt ;L, K) [l + P {H)] K ^ +1)/2 VH e a+ n b 2 c . 
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The proof of (ii) is complete. □ 

Definition 4.3. For any s in [0, oo) define the function X s and the measure ji s by 

T S (A) = (1 + |A|) S and d//(A) = T S (A) dA VA G a*. 

Suppose that E is a PFey/ invariant subset of W, and that J is a nonnegative integer. 
Denote by Y(E, J) the vector space of all Weyl invariant holomorphic functions m in Te 
such that S^ j(m) < oo for all s in [0, oo), where 

j(m) = max sup / \D I m(X + irj) | d/i s (A). 

We endow Y(E, J) with the locally convex topology induced by the family of seminorms 
{Se j : s G [0, oo)}. With this topology Y(E, J) becomes a Frechet space. 

Remark 4.4. Observe that for every s in [0, oo) there exists a constant C such that 

T S (A) < (1 + \X + iv\) s < CT S {\) VAgo* Vn G W. 

Consequently 

5 E j(m) < max sup / \D I m(X + 277) | (1 + |A + ii]\) s dX < C j(m) VmGF(E,J). 
We shall use this observation without any further comment. 

For any nontrivial subset F of S s and < 5 < e < 00 define the region ro(F; 5, e) by 
(4.7) tt>(F; 5, e) = {# G s 2 : a(if ) < 5 |#| Vet G F, and a{H) > e \H\ V«eE s \ F}. 

In the following proposition we put together some useful facts concerning the sets 5, e) 
that will be used below. For any c in R + define (s F ) c and (s F ) c by 

(s F ) c = {H F G OF : < cu F (iJ F ) < c} and (s F ) c = {H F G : < cj f (# f ) < c}. 
Lemma 4.5. Suppose that F is a nontrivial subset o/E s . TTie following hold: 



(i) i/if is in tt>(F;5, e) fl bi c , £/ien i?F is in (of) + , # is in (o ) + , 

(4.8) uj f (H f ) > uj f (H) > e \H\ > e and \H F \< 1 5\H\, 

where 7 is a positive constant which depends on the root system E; 

(ii) if H is in tt)(F;5,e), then Hp is in (si?) 2 . 
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Proof. For the proof of (i) see [SH 3.16.2-3.16.4]. 

To prove (ii) suppose that H is in to(F;d, e) and that lj(H) = a(H) for some a in S s . 
If a is in F, then a (Hp) = a(H) < 2. If, instead, a is in E s \ F, then 

a(if) > e \H\ > - r (3(H) ^(3 G F. 
o 

Hence 

oo F (H F ) < -a(H) < 2- < 2, 

e e 

so that iff is in (s^) 2 , as required. 

□ 

Define a by 

(4.9) a = min{\p F \ : C F C S s }, 
and denote by E CT the Weyl invariant subset of W defined by 

E CT = {r] G W : 1 77 — w ■ p\ > a for all u> G FT}. 

Set Cosh 2p (if) := Yliwew e 2w for all if in a and denote by Ai 2p the multiplication 
operator acting on i^-bi-invariant functions / on G by 

(M 2p f) (exp H) = Cosh 2p (#) /(exp #) V# G a. 

Note that there exist positive constants C\ and C 2 such that 

(4.10) d e 2p(H) < Cosh 2p (#) < C 2 e 2p(H) VH G 0+ 

The proof of the following lemma is reminiscent of the proof of \AJ\ Thm 3.7] and of 
that of the main result in \GV\ Section 7.10]. All these proofs use the Trombi-Varadarajan 
expansion of spherical functions and an induction argument. 

Lemma 4.6. The following hold: 

(i) the map A4 2p o Hr x is bounded from Y(E a , 0) to L°°(s 2 ); 

(ii) if J > i + 1, then the map M. 2p 'H^ 1 is bounded from Y(E a , J) to f 1 (s 2 ) (with 
respect to the Lebesgue measure). 

Proof. Suppose that m is in YiE^, J), and denote by k its inverse spherical Fourier transform 

k(expH)= [ <p x (expH)m(\)dn(\) WH G 0. 

J a* 

It is straightforward to check that this integral is absolutely convergent. 
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First suppose that £ — 1. Then s 2 is the interval {H e a+ : < a(H) < 2}, where a 
denotes the unique simple positive root. In particular, s 2 is a bounded subset of a + , and the 
function H i— > e 2p ^ is bounded on s 2 . Furthermore, a = \p\, so that E CT = {0}. Now, (11.81) 
and the fact that H^aIIoo — 1 for any A in a* imply that 

\e 2p{H) k(expH)\<C ! \m(X)\ (l + \X\) n ~ e dX 

J a* 

= CS£ Q (m) V#Gs 2 , 
where C does not depend on m in Y{Ei a , J). Therefore, by (14.101) . 

whence 

\\M 2p k\\LH S2 )<CS^ (m), 

because s 2 has finite measure. This proves both (i) and (ii) in the case where £ = 1. 

Now suppose that £ > 2, and that m is in Y(E a , J). We observe preliminarily that, 
arguing as we did above in the case where £ = 1, we may show that 

||-M 2p A;|U~(s 2 nbi) < CS™-J (m). 
Since s 2 fl bi has finite measure, 

(4-11) ||^2^IU 1 (s 2 nb 1 )<C^E;,oM- 
Thus, in the rest of the proof we may assume that H G s 2 \ bi. 

A consequence of |AJl Lemma 2.1.7] is that s 2 is covered by a finite number of regions 
ro(F; 6f,£f), where C F C S s , <5p and Ef may be chosen so that < 5f < Sf < oo, and 
5p is as small as we need. We shall prove that -M 2p /c is either bounded or integrable in s 2 by 
showing that -M 2p fc is bounded or integrable respectively in Vo(F; 5f, £f) for every nontrivial 
subset F of Ti s . 

Fix F C S s , 5f and Ef as above. By using the Trombi-Varadarajan asymptotic expansion 
for the spherical functions, and the Weyl invariance of m, for each positive integer iV we 
may write 

k(expH)= Yl h «( H )+ r N(H) \/Herv(F;5 F ,e F ), 

qeA F , \q\<N 

where h^(H) is defined, for every H in ro(F; 5f,£f), by 

(4.12) hq(H) = \W F \W\ e^ F W / |c F (A)|- 2 [(e F )" 1 m] (A) ^,(exp H) dX 
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and rfj is a remainder term. We extend h F and to s 2 by setting them equal to 
outside tt)(F; 6f, £f)- 

First we prove (i). We argue by induction on the rank £ of the symmetric space. We 
have already proved (i) in the case where £ = 1. Suppose that (i) holds for all symmetric 
spaces of the noncompact type and rank < £ — 1, and consider a symmetric space X of the 
noncompact type and rank £. 

Consider the remainder term rj^. By Theorem 11.11 (iv) and (14. 8[) there exist positive 
constants C and d such that 



N 



(4.13) 

Choose iV > \p\ /e F . Then 



(H)\ < Ce-^- N " F W (i + \ H \Y I | m(A) | (i + | A |) d dA 

J a* 

< Ce~ 2p{H) e \p\m-Ne F \H\ ^ + \H\) d Si afi {m) VH £ tt>(F; 5 F , e F ). 



(4.14) \\M 2p r F N \\ L ~ {s2) <CSi afl {m). 

Next, suppose that q is in A F \ {0} with \q\ < N. We may write the integral in (14.121) as 
an iterated integral, where the outer integral is on (a*) F and the inner integral on (a*) F . 

For the rest of the proof for each v £ (0, 1) we shall write p F instead of (1 — v ) p F . 

Since m is holomorphic in Tw, ^ F q and (c F ) _1 are holomorphic in a neighborhood of 
T(( a »)F)+, for each v £ (0, 1) we may move the contour of integration in the inner integral to 
the space (a*) F + ip F , and obtain 

h F (H) = \W F \W\ e- pF(H) [ \c F (X F )\' 2 m q (\ F ) d\ F VH £ tt>{F;5 F ,e F ), 

where 

m 9 (Ai 

J(a*y 

Set v = l/p F (H), and note that \p — p F \ > \p F \ > cr, so that p F is in E a . By the estimate 
fll.lOP on the Harish-Chandra function 

\cf(XfT 2 < C (1 + \\ F \f' a ^ F) ° da < C(l + |A F + A F |) Ea6E o +da =C(1 + \X\) n ~ e . 

By Theorem O (hi), (HHU) and (USD we have that for all H in tt>(F; <5 F ,e F ) 

|/if(f/)| <L7e-^W +£ -l^l-^W-^^-^ / |m(A + ipf)| dp n - e+d (\) 

J a* 

(4.15) < C e -2p{H)+(e F + \ PF \)\H F \~e F \q\\H\ on-Z+d, \ 

< r7 e - 2 PW+(£F + |PFl)7'5Fl^|-£Fl'/ll^l/2 e -£F|g|/2 C^+d^ 
— E a ,0 V / 



/ [(c^r 1 m] (X F + X f + ip F v ) Vltf^exp H) dX 1 
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Thus, if 5 F < 7- 1 (e F + \pfD~ 1 e F /2, then 

By summing over all q in A F such that < |g| < N, we see that 



(4.16) 



M 



q£A F ,0<\q\<N 



, E CT ,0 



< C S'Z v-imj. 



Finally, we consider h F . By arguing much as above, we move the contour of integration 
to the space a* + ip F with v = l/p F (H). Then (14. 12ft and the formula for (p F given in 
Theorem 11.11 (i) imply that for all H in w(F; 8p, e F ) 



(px F (expH F ) m (A F ; H F ) \c F (X F )\ d\ F 



(4.17) h^(H) = \W F \W\e { - 
where 

(4.18) m (X F ; H F ) = [ [(c^m] (X F + X F + ip F ) e^^ d\ F . 
Define dp by 

o F = mm{\p F ,\ : C F' C F}. 
Clearly op > a. Denote by (E F ) (TF the Wp invariant subset of W f defined by 

(E F ) aF = {r}p E W F : \r)p — w ■ Pf\ > ap for all w G Wp}. 

Observe that if rjp is in (Ep) UF , then rj — rjp + p F is in E CT . Indeed, 

(4.19) \r) F + p F - p\ = \r)p - p F - vp F \ > \r) F - p F \ > o F > a. 

Now we prove that mo(-; H F ) is in ^((E^)^, 0), uniformly with respect to H F . Indeed, for 
any r in [0, 00) 

S (E F ) rJF ,o( m o(-;H F )) = sup / \m (X F + irjF] H F )\ T'(X F ) d\ F . 

By (dHUD 

\m (X F + tV F ; H F )\ < C [ \m(X F + X F + iriF + ip F )\r n - e (X F + X F )dX F . 
Hence, by Tonelli's Theorem and the fact that T r (A F ) T n " £ (A F + X F ) < T n - £+r (X F + X F ) 



S, 



(E F ) CTF ,ol 



m (-;H F ))< sup / |m(A + ir] F + 

r7 F e(E F ) CT „ J a* 



^P K )\ dp n -^\X) 



ri F e(E F ) 

<CS^J r (m), 



MULTIPLIERS ON SYMMETRIC SPACES 



33 



where C is independent of H F . 

Note that the restriction of ip\ F to exp(ap) may be interpreted as the restriction to exp(ap) 
of an elementary spherical function on an appropriate symmetric space of the noncompact 
type and rank \F\. By Lemma 14.51 (ii) if H is in to(F; S F , £f)> then H F is in (s^) 2 . By 
induction, there exists s in [0, oo) such that 



sup 

H F £(s F ) 2 



j Pf{ h f ) f (fx ^ exv H F )m (\ F ;H F ) \c F (\ F )\- 2 d\ F 
J at 



< CS (E F )„ F ,0 



{m (-;H F )). 



Hence 
(4.20) 



\h F (H)\ < CeVffle-^W^^.;^) 

< Ce~ 2p W S^ +S (m) VH E to(F; S F , e F ). 
From (EH) , (EHD and ti£M we deduce that 



M 2p H- 1 m\ 



L°°(s 2 ) 



<CSi„(m) VmeF(E CT ,0), 



where s' = max{n — £ + d, n — £ + s}, and (i) is proved. 

Now we prove (ii). Suppose that m is in Y(E a , J) with J > £ + 1. By arguing as in the 
proof of (i), we may write 

q<=A F , \q\<N 

Observe that if N > \p\ /e F , from the pointwise estimate (14.131) we deduce that 

/ \r F (H)\e 2p ^dH < C S& a (m) [ e^~ Ne ^ H \ (l + \H\) d dH 

(4.21) Jm(F;S F ,e F ) Ja+ 

<CS^ >0 (m). 

Similarly, if 5 F < 7 _1 (e F + \ppD~ 1 e F /2, then the pointwise estimate (14.151) implies that 



\h F (H)\e 2p(H) dH < Ce- £Flql/2 S^T 



t+d. 



m) 



xo{F\S F ,e F ) 



e {e F + \ PF \)lS F \H\ e -e F \q\\H\/2 ^ R 



< Ce- £p \ q \ /2 Sl v-imi. 



vn-t+d/ 

'e ct ,o 



By summing over all q in A F such that < |g| < N, we see that 

(4.22) f J2 K(H) * 2P[H) dH < C SvS +d ( m )- 

Jw(F;8 F ,e F ) geA F <| 9 |<jV 

It remains to estimate / \h F (H)\ e^^dH. By arguing as in the proof of (i), we may write 

h F (H) = \W F \W\e^ pF ^ I cf XF (expH F )m (X F ;H F ) \c F (X F )\- 2 d\ F , 

J at 
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where m is defined in (14. 18ft . By integrating by parts £+1 times with respect to the variable 
X F in the integral in (14.181) . we see that 

1 



m (X F ; H) 



[iB(H pF ,H F )] 



m e+1 (X F ;H 



where 



m e+ i 



(x F] h f ) = [ & [(e'TH (A, + x F + ip F v ) e aF( ^ F) dA^. 



We claim that m^+i(-; H F ) is in Y((E F ) UF , 0), uniformly with respect to H F . 

Indeed, by Leibniz's rule m^ +1 may be written as a linear combination of terms of the form 

/ [d^ ((^r 1 ) (fym)] (Xp + X F + ip F v ) e*'<*> dA^. 



where < j < £ + 1. Therefore (11.101) implies that for any rj F in (Ei/ 



a F 



e+i 



\m l+l (X F + H F )\<Cy [ & F m{X F + A F + + ip F ) T n ~\X F + A F ) dA 
Hence, for any r in [0, oo) 



i=o 



D (E F ) CTF ,0l 



(m m (-;if F )) = sup / \m e+l (X F + irj F ; H F )\ T r (X F ) dX F 

n F e(E F ) CTE , J(a*) F 



r tF e(E F ) rTF J(a*) 



j=0 



J? F e(E F ) CTF J a* 



d ] pF m(X + it] F + ip F ) dp n ~ e+r (X) 



thereby proving the claim. In the last inequality we have used the fact proved above (see 
(I4.19p ) that if r\ F is in (E F ) aF , then r/ F + p F is in E CT . 

By (i) there exists s in [0, oo) such that for all H F in (s F )2 

? PF {H F ) f (f ^ exp H F )m e+1 (X F ;H F ) \c F (X F )\~ 2 dX F < C Sf E , (m m (-; H F )). 
J at, F ' 



Hence 



K(H)\<C- 



-2p F (H)-2p F (H) 



\H F 



Sf EF) ,(m i+1 (.;H F )) 



e -MH) 

<^ (J Qn—l+s 



\H F 



\< ! + 



T ^E CT ,£+l( m )- 



Observe that, by fl4~8|) . 



H\ z = \H F \ Z + \H F \ 2 < 7 2 4 |if| 2 + |^r ViJ G m(F;5 F ,e F ) nbi c 
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Hence, if S F < I/7, then 

\H F \ 2 > (1 - 7 2 5 2 F ) \H\ 2 VH e to(F; 5 F , e F ) n bi c . 



/ 

Jn>( 



Therefore 

e 2p(H) dH <C Sl~%\ (m) / \H\~ {t+1) dH 

<C^+iH VmeF(E (T ,J). 
This, flOTjl . (1^221) and (Oil) imply that 

ll-MapTTVill^ <CS^ +1 (m) Vm G F(E ff , J), 

where s' = maxjn — £ + d, n — £ + s}. 

This concludes the proof of (ii) and of the lemma. □ 

5. Proof of the main result 

In the proof of Theorem 12.101 we use Harish-Chandra's expansion of spherical functions 
away from the walls of the Weyl chamber. Denote by A the positive lattice generated by the 
simple roots in S + . For all H in a + and A in a* 

(5.1) |c(A)p 2 ifx(expH) = e"^ ^e" 9(H) ^ c(—w • A) -1 T q (w ■ A) e i(w ' A)(H) . 

The coefficient To is equal to 1; the other coefficients T q are rational functions, holomorphic 
in Tw* for some t in Mr (see (11.7j) for the definition of Tw*)- Moreover, there exists a 
constant d, and, for each positive integer N, another constant C such that 

(5.2) \D I Y q {Q\<C{l + \q\) d VCGT wt WI:\I\<N. 

Note that the estimate for the derivatives is a consequence of Gangolli's estimate for T q [Ga] 
and Cauchy's integral formula. The Harish- Chandra expansion is pointwise convergent in 
a + and uniformly convergent in o + \ s c for every c > 0. 

Remark 5.1. Suppose that L is a positive integer. There exists a constant C such that 

\\{c)- l T q m [I - (1 -e-Q) L ] e Q/2 ||„, (Twt;JjK) < (7(1 + |<?|) d IMU'(t w; j, k ) 
for all m in H'(T^; J, n) and for all q in A. Similarly, there exists a constant C such that 

H(c)- 1 T q (M o Q) [1 - (1 - e-^] e Q / 2 || H(TBt;JjK) < (7 (1 + |g|) d ||M|U (P;J , re) 
for all M in fj(P; J, k) and for all q in A. 
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To prove the first estimate we compute derivatives of order at most J of (c) -1 T q rriB [l — 
(1 — e~®) L ~\ e^/ 2 by using Leibnitz's rule. To estimate each of the summands, we use ( 15. 2p . 
and the fact that for some t in R~ the function (c) _1 is holomorphic in Tw*, and both (c) _1 
and its derivatives grow at most polynomially at infinity in Tw* (see (11.91) ). 

The proof of the second estimate is similar and is omitted. 

Remark 5.2. Observe that if k < 1, then for every c in IR + 



/ 



e -w(fl) r e p(H)~\p\\H\-u(H) 

dH < oo and / ,„ lWo dH < oo. 



We prove that the first integral above is convergent. The proof that the second is convergent 
is easier, and is omitted. 

Observe that there exists e in M + such that w(H) > e \H\ for all H in T co \ s c . Therefore 

p-«(fl) 

■dH < / e~ £lHl dH < oo. 



'r CQ \ Sc [l + Af(H)] i+1 2k Jr CQ \ Sc 

Moreover, there exists a constant C such that N(H) > C \H'\ > C p{H) for every H in 
a + \ (s c U r co ). Hence 

dH<C ^-r^zdH, 



l a+ \( Sc ur co) [1 +Af(H)] e+1 - 2K ~ J a+ [1 + p(H)Y +1 - 2K 
which is easily seen to be convergent [I3l Lemma 3.5]. 

Now we prove our main result, which we restate for the reader's convenience. 

Theorem (2.10). Denote by J the integer [n/2] + 1. The following hold: 

(i) if k is in [0, 1), then there exists a constant C such that for all B in G B 2 (X) for 
which nig is in H' '(Tyy ] J-, t) 

|||-E>|||l;l,oo < C ||mB||H'(Tw;J,«)) 

(ii) there exists a constant C such that 

|i;i,oo < C ||M|U(p ;J ,i) VM G ^(P; J, 1). 



Proof. First we prove (i). Suppose that L is a positive integer > k + J. We denote by B\ 
and B 2 the operators defined by 

B 1 = B (1 -e~ c ) L and B 2 = B [l - (l - e" £ ) L ] . 
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Thus, B = Bi + B2. Denote by hi the heat kernel at time 1 (see (11.14p ). The spherical 
multipliers associated to B\ and B 2 are the functions rriB 1 and rriB 2 on Tw defined by 

rriB 1 = iris (l — h\) L and me 2 = rriB [l — (l — • 

Denote by ip a smooth i^-bi-invariant function such that ip(exp H) = for H in Si D b2 C , 
and ^(exp iT) = 1 for H in s£ U bi. We decompose /cb 2 as follows 

k Bi = (1 - i[>) k Bi +ipk B2 . 

Step I: B\ is of weak type 1. Since L > k + J, the function ms 1 and its derivatives up 
to the order J are bounded on Tw- This is due to the fact that (1 — h\) L vanishes at the 
point ip, together with all its derivatives up to the order L — 1, and this compensates for the 
fact that m Bl and its derivatives may be unbounded near ip. A straightforward computation 
shows that satisfies the hypotheses of |A2, Corollary 17]. Therefore B\ is of weak type 1, 
and I .Bill; 1,0c < C \\m\\ H ^ Tw . J>K ). 

Step II: estimates away from the walls. We claim that the function ip ks 2 niay be written 
as the sum of two i^-bi- invariant functions and k^ , where kg is in L 1 (K\G/K) and 
fcg 2 satisfies the following estimates in Cartan co-ordinates: there exists a constant C such 
that for all H in a + \ Si 
(5.3) 

'c||m B ||^ (rw;J , K) e- 2 ^) log(2+jV(iO) [l+A^)]^ 1 if k = 
C\\m B \\Hi { T^)Z- 2p{H) [l+U{H)] 2M if < k < 1 

(see ( 11.21) for the definition of A/"). 

To prove this, we observe preliminarily that if H is in o + \ Si and q = Xlaes n ° a ' then 

(5.4) q{H) = J>« a ( H ) ^ "( H ) H n « = l^l 
so that 

(5.5) ^ e~ q{H) (1 + \q\) d < e-^ H) ^ e 3 —'*' (1 + \q\) d < C e~^ H \ 
?eA\{0} <?eA\{o} 

This, (ED and JTJJ (with 1 = 0) imply that 

^ e" 9 ^ f |m B2 (A)c(-A)- 1 r (? (A)e iAW | dA < C \\m B \\ L °°{ a *) [ e- Q{x)/2 dA 

(5.6) 9 eA\{o} Ja * Ja ' 

< C \\m B \\H'(T w ;J,K)- 



fcgj(exp£0| < 
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Now, we substitute Harish-Chandra expansion (15.11) in the inversion formula 
k B (expH) = c G / m B (X) (p x (exp H) d[i(X) WHea + , 

J a* 

use the fact that the integrand is Weyl invariant, and obtain 

4>(H) k B2 (exp H) = c G \W\ tp(H)e- p(H) ^V" (H) f m B2 {X) c(-A)- 1 T q (X) e iX(H) dA, 



where \W\ denotes the cardinality of the Weyl group, and the term by term integration is 

Jo) ,(i) 

"B 2 ' K B 2 : 



justified by ( 15.61) . Write ipk B2 = k B + k B , where 



k i £(expH) = c G \W\ tfj(H)e- p{H) j m B2 (X) c(-X)- 1 e iX{H) dX 

fcg(expff) = c G \W\ tfj(H)e- p{H) e ~ 9(H) \ m ^(A) c(-A)- 1 r,(A) e iX{H) dA. 



qeA\{0} 

SO) 



To prove estimate (I5.3P for k B in the case where < k < 1, we apply Lemma 14.21 (i) 
(with (c) _1 mg 2 e^/ 2 in place of m), and then Remark 15.11 (with q = 0), and obtain that 

p -2p(_ff) 

|jfeg(expi2")| <C H(c)- 1 m B2 e Q / 2 |' 



< C \\m B \\ H i{T^.j^) — , ~ TTNl i + i-2 K ^ G a ' 



iiFCW,«) [i+^iJ)]' 

e -2p(H) 

as required. The required estimate for k = is proved similarly. 

It remains to show that k B is in L l (K\G/K) for all k in [0,1]. We give the details 
when < k < 1. Those in the case where k = are similar, and are omitted. We apply 
Lemma [4.21 (i) (with the function (c) _1 Y q m B , 2 e^/ 2 in place of m) to each summand of the 
series that appears in the definition of fcj^*, and obtain that 

p -2p(H) 

\^vh)\<c J2 *- g(H) \m- lr ^e^\\ ^ 

[l+JV{U)\ geA\{0} 

e -2p(H)-Lu(H) 

where we have used Remark [5.11 ( 15. 4ft and ( 15.51) . Therefore 



< C ||mB ||g' (T W ;J,«) r ^ , r/ _ Nl £+l-2 K Vi7GO + \Si, 



(i) /" e"^ 

J a +\ S1 [1 +Af(H)\ 



< C ||m B ||///(T w ;J, K ). 
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where we have used Remark ( 15. 2(1 . This concludes the proof of Step II. 

Step III: estimates near the walls. We shall prove that the function (1—tp) k B2 is integrable. 
By Lemma I4.6I (ii) there exists an integer s such that 

|| (1 - VO k B2 \\ L i {X ) < C\\M 2p k B2 \\ 

< C S^ /+1 (m B2 ). 

To conclude the proof of Step III it suffices to show that there exists a constant C such that 

( 5 - 7 ) S E„,e+l( m B 2 ) < C \\m B \\H'(T w ;J, K )- 

Indeed, by Leibniz's rule there exists a constant C such that for every multiindex / with 
\I\ < £ + 1 and for every ( in 7w+ 

|£>W0| < C ||m B ||^ (rw;J , K) e- ReQ «)/ 2 maxOgCOr'^.lOCOr"" 111 '^]- 
Then for every rj in E CT and for every multiindex / with |/| < i + 1 

/ | J D / m jB2 (A + i?7)| d//(A) 

J a* 

>(T W ;J, K) \[ (l + |A|r'^ 2 e- Re ^)/ 2 dA+ [ \Q(X + ir,)r- W ' /2 dX 



< C \\m B \\ H . 

l J a*\B R 

where R is large enough. Observe that the first integral on the right hand side is dominated 
byC J a+ e-l A l / 3 dA, where C is a constant depending on s, but not on rj. Furthermore, since 
\Q(X + in)\ is continuous and does not vanish when rj is in E CT and A stays in a compact 
neighbourhood of the origin, we may conclude that it is bounded away from 0. Thus, the 
second integral on the right hand side in the formula above is finite, and 05.7(1 is proved. 
Step IV: conclusion. Recall that 

k B2 = kf 2 +k%l + {l-^) k B2 , 

and that k B ^ and (1 — ip) k B2 are in L 1 (K\G/K). Thus, the operators / i— > / * k B ^ and 
/>—>•/* [(1 — ip) k B2 j are bounded on L 1 (X), hence, a fortiori, of weak type 1. The 
estimates proved in Step II imply that the convolution operator />—>•/* k B is of weak 
type 1 by Proposition 13.21 Therefore B 2 is of weak type 1. Since B\ is of weak type 1 (see 
Step I), we may conclude that B is of weak type 1, as required to conclude the proof of (i). 

The proof of (ii) is similar to the proof of (i). We briefly indicate the changes needed. We 
decompose M(C) as the sum Mx(C) + M 2 (C), where Mi and M 2 are the functions defined by 

M 1 (z) = M{z) (1 -e- z ) L and M 2 (z) = M{z) [l - (l - e~ z ) L ] . 
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We denote by m Ml ( C ) and mM 2 (C) the spherical multipliers associated to M\(C) and to 
M 2 (£) respectively. We write k M2 ^ C ) — (1 — ip) &m 2 (£) + ip &m 2 (£)> where ip is the defined at 
the beginning of the proof of (i). By arguing as in Step I above, we see that M 1 (C) is of 
weak type 1 and that iMi^)!!;!^ < C \\M\\sj(p ; j,i). 

We claim that the function ipkM 2 {c) may be written as the sum of two K-bi-invariant 
functions anc ^ ^m 2 (£)' wnere ^m 2 (£) * s * n L 1 (K\G / K) and fcj^Ln satisfies the following 

estimates in Cartan co-ordinates 

(5.8) |A^ (£) (expiO| <C||M|U (P . J)1) e-^-l"H H l [l + p(H)f- e)/2 WHea + \ Sl . 

Indeed, since M is in fj(P; J, 1), M o Q is in H(T B ; J, 1) by Proposition 12.91 (i). Then we 
may apply Lemma H~21 (ii) (with (c) _1 (M 2 o Q) e^/ 2 in place of m), and obtain that 

|4Wexp#)| <C H(e)- 1 (M 2 oQ)e«/ 2 || H(TB;J1) e^H^I [i + p (tf)f^/ 2 
< G ||M|U (P;Jil) e-^)-I^H| [x + p(jff) ]^D/ 2 Viy G a + 

thereby proving ( 15. 8ft . Notice that we have used Remark 15.11 in the last inequality. 

It remains to show that k9) (C s is in L 1 (K\G/K). By arguing as in Step II above, we see 



"M 2 (,C) 

that ^4f 2 (£) satisfies the following estimate 



|^ (£) (ex P iy)|<C||M|U (P;Jil) e-^ll ff l-^ [l + p(tf)] (1 ^ )/2 . 
We now use Remark (15. 2p . and obtain that 

m f e p(H)-\p\\H\-u(H) 

WkZohHG) < C||M|U (P;Jjl) / — it _ 1)/2 dH 

Ja+\si [1 + p(_ii J J 

<C||M|U (P;Jjl) . 

The proof that the function (1 — ip) ku 2 {C) is integrable with ||(1 — ip) kM 2 {C)\\L 1 (K\G/K) < 
C HMH^p.^i), is almost verbatim the same as the proof of the corresponding statement in 
case (i) (see Step III), and is omitted. The required conclusion follows as in Step IV in 
case (i). 

The proof of (ii), and of the theorem, is complete. □ 
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